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The aim of the project was to study the qualitative properties of differential equations
and differential inequalities. Differential equations are used as models of biological, physical,
chemical and economic processes. Their investigations are often motivated by applications.

As a result of our research, we have published 10 papers. According to SJR (Scimago
Journal Rankings) 2 papers appeared in international journals of D1, 4 papers in Q1 and 1
paper in Q2 category. In addition, we have published 1 book chapter, 1 journal paper and 1
paper in conference proceedings. Next we briefly describe our most significant results.

Consider the linear delay differential equation

X@®)+p)xt—7)=0, t >t
where 7 > 0 and p: [fy, 00) — [0,00) is a continuous function. A well-known result in the os-
cillation theory states that the condition
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is necessary for the oscillation of all solutions. The main result of [1] says that if the coefficient
function p is slowly varying at infinity, that is
pt+s)—pt)—>0, - oo,
foralls € R, then B > 1/e implies that all solutions are oscillatory.

In [2] we have studied the delay differential equation
N
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where 7,k, > 0, the kernels y, : [—7,0] = [0,00) are nondecreasing, J w(s)ds =1,
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Vs Yk € K C Zf_ and x” = Hxiyi whenever x € [Ri andy € Zf_. The above nonlinear diffe-
i=1
rential equation with distributed delay serves as a model in reaction kinetics. In this paper, we
have generalized our previous results to equations with distributed delays. In the literature, we

were the first to extend the definition of the positive stoichiometric classes from the theory of



ordinary differential equations without delays to equations with distributed delays as follows: if

¢ € C, :=C([-1,0], [0,00)7) is an arbitrary nonnegative, continuous initial function on the

interval [—7,0], then the positive stoichiometric class corresponding to ¢ is defined by

S,={w € Clew) =clp) Vvest)cc,

where & = span{y, —y;, |1 <k <N }and
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A positive equilibrium X € [Rfi is said to be complex balanced if

2 kayk = Z kayk
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for all n € F . Our main result says that if we assume that the above delay equation has a
complex balanced equilibrium, then every equilibrium belonging to the positive stoichiometric
class oS’d, (¢ € C,) is also complex balanced and semistable. In the proof, we have construc-
ted an appropriate Ljapunov-Krasovski functional and then we have applied LaSalle’s invari-
ance principle. Another novelty of the article is the proof of the uniqueness of complex balan-
ced equilibria in the classes o5°¢ (¢ € C,). We note that our former paper was awarded by Ad-
vances in Engineering as a 'Key Scientific Article’.
In [3] we have studied the nonautonomous linear differential equation
x'=A()x, t >t

where A : [ty, ) — R s g bounded, continuous matrix function for which there exists an
essentially nonnegative and irreducibile matrix M € R such that A(¢) > M for all t > Io-
Under these assumptions, for every t > t,, A(f) has a unique nonnegative normalized eigen-
vector which corresponds to the spectral abscissa and we denote it by p(¢). Vector p(¢) is

called the Perron vector of A(t) . In this paper, we have studied the notions of weak and strong
ergodicity motivated by applications in population dynamics. The two main results are the weak
and the strong ergodic theorems. The former states that for any two solutions x and y starting

from positive initial vectors, we have that
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while the strong ergodic theorem says that if A is uniformly continuous and there exists a posit-

ive vector v € RY such that

pt) = v, t = oo,

then for every solution x starting from a positive initial vector, we have
x(1)
Xl

-V, ! > 00.

In a recent paper, Rodrigues and Sola-Morales presented an example of a nonlinear au-
tonomous difference equation of the form

x(t+1)=Fx()), reN

such that its trivial solution is exponentially asymptotically stable although the spectral radius

p(F'(0)) of the Fréchet derivative of the nonlinear map F : X — X on the Banach space X is

greater than 1. In [6] we have complemented the results by Rodrigues and Sola-Morales. We
have shown that if instead of the notion of exponential asymptotic stability we consider the wi-

dely used notion of exponential stability, then the latter is satisfied if and only if p(F’(0)) < 1. In
addition, we have shown that for the above difference equation under the spectral gap conditi-
on

sup [A] <p(F'(0)),  op:={4€o(F(0)][1] <p(F(0)},
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both stability notions are equivalent to the the condition p(F’(0)) < 1. Our results provide
some important new information to the classical linearized stability principle. The paper was
published in the Journal of Differential Equations, the leading journal in our research field.

Integro-differential equations of Volterra type play an important role in biological ap-
plications. In [7] we have studied Volterra type difference equations which arise as numerical
approximations of integro-differential equations. More precisely, we have studied the difference
equation with infinite delay

x(t+ 1) —x(t)= ) K(j)x(t—j), t€Z,
=0



where K: Z, — C™"_ We have shown that if the coefficient matrices are sufficiently small,

then the Volterra difference equation with infinite delay is asymptotically equivalent to the ordi-
nary difference equation

x(t+1)=Mx(1),

where the coefficient matrix M is a solution of the matrix equation

M=1I+) K(jM7.
Jj=0

In addition, M can be written as a limit M = lim M,, where

k— o0

My=1I, My, =1+ K()MJ, k=012,..
Jj=0

We have shown that the eigenvalues of M coincide with the dominant characteristic roots of the
Volterra difference equation. As a consequence, we have obtained an efficient new method for
the numerical approximation of the dominant characteristic roots of the Volterra difference
equation.

In [10] we have continued our study of the nonautonomous linear ordinary differential
equation

x'=A()x, t >t

where, in addition to the boundedness and continuity of A, we have assumed that, for every

t > ty, A(t) is a Kirchhoff matrix, that is it is an essentially nonnegative matrix with zero column

sums. Equations of this type have applications in reaction kinetics and in the consensus theory
of multi-agent systems. The main result of the paper is the following convergence theorem:

Suppose that there exists a nonnegative matrix Q € Rix‘l such that

0 < A(t) — diag A(?), t >ty
and the directed graph of Q has a directed spanning tree. Then the convergence of the Perron
vectors of the coefficient matrices implies the convergence of all solutions at infinity. More pre-

cisely, if p(t) is the Perron vector of A(f) and there exists v € [RfiIr such that

p(t) = v, t — o0,

then for every solution x, we have that
d
lim x(¢) = c(x)v, where c(x) = Z x,(ty) -

t—00 .
i=1



We have applied the result to a chemical reaction model with three components.

Finally, we believe that the book chapter [4] summarizing inequalities for f-divergencies

and paper [9] with the refinements of the discrete Hélder’s and Minkowski’s inequalities are also

of interest.
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