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In the below list of the results obtained in the project, we follow the structure of the research
plan.

1. Classes of general algebras

In their 1984 seminal paper, Garcia and Taylor introduced the notion of interpretability of varieties and
the lattice of interpretability types of varieties They formulated some difficult fundamental problems
concerning the prime filters of this lattice. Since then, mostly partial results had been obtained in
investigating those problems, by restricting them to idempotent or linearly defined varieties. For
example, Valeriote and Willard proved that "n-permutability for some n" is prime in the lattice of
interpretability types of idempotent varieties. Our result obtained in [GyMZ] gives sharp contrast to
theirs: we proved that "n-permutability for some n" is not prime in the lattice of interpretability types of
varieties. We also verified that for each n>4, n-permutability is not join-prime in the lattice of
interpretability types of varieties.

The papers [Sz1], [Sz9], [Sz12] concern minimal varieties of arbitrary algebras: [Sz1] extends a result
of Givant (1978), [Sz9] proves that every minimal abelian variety is either affine or strongly abelian,
and [Sz12] proves that every minimal dual discriminator variety is minimal as a quasivariety. In [Sz3]
and [Sz11] we investigate the relationship between some Mal’tsev conditions and compatible relations
of algebras: The main result of [Sz3] is that an idempotent variety has a d-dimensional cube term if and
only if its free algebra on two generators has no d-ary compatible cross, while [Sz11] extends
Vaggione’s result (2018) by showing how "ultralocal closure’ can replace the usual local closure in some
arguments that extend results, like the Baker-Pixley theorem, from finite to infinite algebras. In [Sz2]
and [Sz6] Mal’tsev conditions are studied from a more practical point of view: [Sz2] produces a simple
Maltsev condition which characterizes difference terms in the class of locally finite varieties, and [Sz6]
explains why random search cannot be used to find finite algebras that distinguish between idempotent
Mal’tsev conditions.

The main results of [Sz8] and [Sz10] are structure theorems for finite algebras. In [Sz4] and [Sz5] we
applied structure theory to find a polynomial time algorithm for the subpower membership problem for
finite algebras A with a cube term, if the centralizer of the monolith of every subdirectly irreducible
algebra in HS(A) is abelian, or more generally, supernilpotent. The critical relations are the building
blocks of the relational clone of a relational structure with respect to the relational operations intersection
and direct product. In [KMZ2] we described the critical relations of the clones of the crown posets. One
of the main tools in the proof is an earlier result of Demetrovics and Ronyai on crowns. By another use
of their result, we proved that the subpower membership problem for any crown is polynomial-time
solvable.

Global utility functions based on polynomial functions of lattices are useful in qualitative modelling of
decisions and preference relations. In [MWZ1] we consider two types of such global utility functions,
namely quasi- and pseudo-polynomial functions over distributive lattices. Given some partial
information about the decision maker’s preferences, finding a global utility function that matches this
information gives rise to an interpolation problem. We present an algorithm that solves this interpolation
problem for quasi- and pseudo-polynomial functions over finite distributive lattices. This algorithm has
exponential running time, and we show that the bad running time is not avoidable (assuming P#NP),
since the quasi-polynomial interpolation problem is NP-complete if the number of attributes is at least
four. We proved that categorically equivalent finite p-rings have isomorphic additive groups and that
they also have the same number of generators. We also classified rings of order p® up to categorical
equivalence [WT7].

Polynomial functions over Q, that is, classical polynomials play the main role in [Cz2]. Namely, a cyclic
polygon is a convex n-gon inscribed in a circle. If, in addition, one of its sides is a diameter of the circle,



then the polygon is called Thalesian. Up to permutation, a Thalesian n-gon is determined by the lengths
of its non-diametric sides. It is also determined by the distances of its non-diametric sides from the center
of its circumscribed circle. In [Cz2], we proved that the Thalesian n-gon in general can be constructed
with straightedge and compass neither from these lengths if n>4, nor from these distances if n>5.

2. Lattices associated with algebras

The quasiorders (preorders) on a set A form a complete lattice with respect to set inclusion, denoted by
Quo(A). It was known by Takach’s result, that Quo(A) is six-generated if |A] is an accessible cardinal,
and by Dolgos’s more recent result, that Quo(A) is five-generated for a countable set A. In [K1] we
generalized the latter result by proving that Quo(A) is five-generated if |A| is an accessible cardinal. In
[Cz8], we proved that if A is a finite set consisting of 2, 3, 5, 7, 9, or more than 10 elements, then Quo(A)
is four-generated but not three-generated. Also, if A is countably infinite, then a four-generated sublattice
contains all atoms of Quo(A). These statements improve a 1996 result of Chajda and Czédli where six
generators were constructed, and the above result of T. Dolgos. In [CzK1], based on involved earlier
constructions, we proved two new results in a concise way. Namely, assuming that |A| is an accessible
cardinal, we proved that Quo(A) is four-generated if |A|>4, and it is even (1+1+2)-generated for |A|>55
(and for some sporadic smaller values of |A|). We also proved that the lattice Tran(A) of all transitive
relations on A is six-generated if |A| is an accessible cardinal and |A[>2.

The conguence variety corresponding to a variety V is the lattice variety generated by all the congruence
lattices of elements of V. The quasiorder variety of V is defined similarly. In [Gy2] we proved that if V
is a locally finite congruence modular variety, then its congruence and quasiorder varieties coincide. A
representation of a lattice with posets is an injective homomorphism from the lattice to the quasiorder
lattice of a set such that each element of the image is antisymmetric. It is known that any lattice has such
a representation. Also, the class of finite lattices having a representation with posets having no infinite
chain, that is, posets satisfying ACC and DCC, is described, and coincides with that of the (McKenzie-
) lower bounded lattices. In [Gy1], we gave an algorithmically checkable characterization for a finite
lattice and a necessary condition for an arbitrary lattice to be representable with DCC posets.

In [KA1] and [KA2], we investigated the first-order definability in the embeddability and the
substructure orderings of finite directed graphs. In [KA1], we described the power of the language of
the embeddability ordering. Our description yields that, for example, if we allow the usage of a constant,
a particular digraph, in our first-order formulas, then the full second-order language of digraphs becomes
expressible. The limits of the expressive power of such languages are intimately related to the
automorphism groups of the orderings. Such orderings, investigated previously in the line of this
research, had all possessed automorphism groups either trivial or isomorphic to Z,. This pattern breaks
in [KA2] for the substructure ordering. The automorphism group of the substructure ordering turned
out to be far from trivial. In fact, the question what the automorphism group is stays unsettled in [KA2].
It was shown, nevertheless, that the automorphism group is finite. A conjecture has been presented,
suggesting a 768-element group. In [KA2], with regard to definability in the substructure ordering, we
lean on the result of [KA1] as the following was proven. With the addition of finitely many constants,
the embeddability relation itself becomes definable in the substructure case.

In [H1], among other results, we showed that the invariance groups of lattice-valued functions depend
only on the cuts of the function. In [H2] we proved that every isotone Boolean function is a lattice
induced threshold function and vice versa. We generalized this result to functions on a k-element set.
We also proved that there exists a lattice-valued function the cuts of which give all isotone Boolean
functions. In [H3] we generalized the notion of invariance group using group actions of an abstract
group. We characterized the Galois closures for both sides of the corresponding Galois connection and
applied the results to known group actions, e.g. to the action of GL(n,2). In [H4], we characterized the
lattice of cut-sets and the Dedekind-MacNeille completion of the set of images of a lattice-valued
function by suitable concept lattices and gave a necessary and sufficient condition under which these



lattices coincide. We gave necessary and sufficient conditions under which the lattice of cuts is
completely distributive. In [H5], among other properties, we proved that for each positive integer n there
exists an n-ary symmetric threshold function that is invariant to only permutation matrices. In [H6] we
determined the first three largest numbers of subuniverses of n-element semilattices. We also described
the n-element semilattices with these numbers of subuniverses.

For a bounded lattice L, the principal congruences of L form a bounded poset Princ(L). In 2013 Grétzer
proved that every bounded poset can be represented in this way. Also, Birkhoff proved in 1946 that
every group is isomorphic to the group of automorphisms of an appropriate lattice. In [Cz1], for an
arbitrary bounded poset P with at least two elements and an arbitrary group G, we constructed a selfdual
lattice L of length sixteen such that Princ(L) is isomorphic to P and the automorphism group of L is
isomorphic to G. In [Cz3], we proved that every finite lattice L can be embedded in a three-generated
finite lattice K. We also proved that every algebraic lattice with accessible cardinality is a complete
sublattice of an appropriate algebraic lattice K such that K is completely generated by three elements.
Note that ZFC has a model in which all cardinal numbers are accessible. Our results strengthen Crawley
and Dean’s 1959 results by adding finiteness, algebraicity, and completeness.

By 1991 and 2002 results of Freese, Gritzer, and Schmidt, every complete lattice A can be represented
as the lattice Com(K) of complete congruences of a strongly atomic, 2-distributive, complete modular
lattice K. Going much further in [Cz4], we represented three kinds of morphisms between two complete
lattices A and A’ by complete congruence lattices of two strongly atomic, 2-distributive, complete
modular lattices K and K’. First, we represented an arbitrary map from A to A’ that is 0-preserving, 0-
separating, and preserves arbitrary joins by the extension map from Com(K) to Com(K”). Second, a
{0,1}- and complete-meet-preserving map by the restriction map from Com(K) to Com(K”).Third, a 0-
and arbitrary join-preserving map by the composite of a map naturally induced by a complete lattice
homomorphism from K to K’ and the complete congruence generation in K'. (This paper deserved the
Birkhduser-Gritzer prize in 2016, see https://doi.org/10.1007/s00012-017-0459-7 for details.)

By lattice duality, slim planar semimodular lattices are the same entities as finite convex geometries of
convex dimension at most 2. Hence these lattices are lattices related with frequently studied other
structures. Their importance also comes from the following fact due to Grétzer and Knapp (2005): planar
semimodular lattices and, in particular, rectangular lattices can easily be reduced to their “skeletons”,
which are slim. In 2009, Gritzer and Knapp proved that every planar semimodular lattice has a
rectangular extension. In [Cz5], we proved that, under reasonable additional conditions, this extension
is unique. This theorem naturally leads to a hierarchy of special diagrams of planar semimodular lattices.
These diagrams are unique in a strong sense; we also explore many of their additional properties. We
demonstrated the power of our new classes of diagrams in two ways. First, we proved a simplified
version of our earlier Trajectory Coloring Theorem, which describes the inclusion con(p)=2con(q) for
prime intervals p and q in slim rectangular lattices. Second, we proved Gritzer’s Swing Lemma for the
same class of lattices, which describes the same inclusion more simply. The Swing Lemma, due to
Gritzer for slim semimodular lattices and extended by Czédli, Gritzer, and Lakser for all planar
semimodular lattices, describes the congruence generated by a prime interval in an efficient way. In
[Cz6] we presented a new, direct proof of this lemma, which is shorter than the earlier ones. Also,
motivated by the Swing Lemma and mechanical pinball games with flippers, we constructed an online
game called Swing Lattice Game, which is available from Czédli’s web page. Finite convex geometries
are combinatorial structures. As mentioned earlier, they have connections to lattice theory. By a 2017
result of Richter and Rogers, they can be represented by the geometric convex hull operation acting on
convex planar polygons. In [Cz7], we managed to replace these polygons by almost circles of arbitrary
accuracy. That is, for every (small) positive epsilon, by convex sets including a disc and included in a
(1+epsilon)-times bigger disc.

In [CZz9], after surveying some known properties of compact convex sets in the plane, we gave two
rigorous proofs of the general feeling that supporting lines of these sets can be slide-turned slowly and
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continuously. This result plays a key role in geometric papers motivated by planar semimodular lattices;
see [Cz11] (to be mentioned later) and two other papers outside the project
(https://arxiv.org/pdf/1807.03443 and https://arxiv.org/pdf/1802.06457 ). Adaricheva and Bolat proved
that if U and V are circles in a triangle, then one of these two circles is included in the convex hull of
the other circle and two vertices of the triangle. In [Cz10], we gave a short new proof for this result, and
we pointed out that a straightforward generalization for spheres fails. In [Cz11], we proved the converse
of the Adaricheva-Bolat result (which is re-proved in [Cz10]) in the following sense. Assume that U is
compact convex set in the plane. If for every V such that V is similar to U and for any triangle including
both U and V we have that at least one of U and V is in the convex hull of the other and two appropriate
vertices of the triangle, then U is a disk. The same (in fact, a stronger) statement holds with “isometric”
instead of “similar”. Originally, the Swing Lemma (Grétzer, 2015) describes how a congruence spreads
from a prime interval to another prime interval in a slim, planar, semimodular lattice. In [Cz12], we
generalized the Swing Lemma to planar semimodular lattices.

For bounded lattices L and L’, let f: L— L’ be a lattice homomorphism. Then the map Princ(f):
Princ(L)—Princ(L’), defined by con(x, y) — con(f(x), f(y)), is a O-preserving isotone map from the
bounded ordered set Princ(L) of principal congruences of L to that of L’. In [Cz16], we proved that every
0-preserving isotone map between two bounded ordered sets can be represented in this way. Our result
generalizes a 2016 result of Gratzer from {0,1}-preserving isotone maps to 0-preserving isotone maps.
Observe that Princ mentioned in [Cz16] is a functor. Let A be a small subcategory of bounded posets
and {0,1}-preserving isotone maps. In [Cz13], we proved that A is the Princ-image of a subcategory of
the category of selfdual lattices with {0,1}-preserving lattice homomorphisms. Furthermore, we
introduced the concept of cometic functors as an auxiliary tool to derive some families of maps from
injective maps and surjective maps; this can be useful in various fields of mathematics, not only in lattice
theory. Call a subposet Q of a finite distributive non-singleton lattice D eligible if 0, 1, and all join-
irreducible elements are in Q. We say that an algebra A represents (Q,D) if there is an isomorphism
between D and the congruence lattice of A such that Q corresponds to the set of principal congruences
of A. In [Cz14] we proved that whenever D above has the property that each eligible subposet Q is
representable by an algebra A (depending on Q), then D is planar and has at most one join-reducible
coatom. In [Cz15], we gave the converse of the result of [Cz14]. In fact, we did even more by proving
that whenever D is a non-singleton, finite, planar distributive lattice with at most one join-reducible
coatom, Q is an eligible subposet of D, and G is a group, then there exists a lattice (not just an algebra)
L such that L represents (Q,D) and the automorphism group of L is isomorphic to G.

Several papers (like the just-mentioned [Cz15]) in the literature represent posets and groups by lattices.
In [Cz17], “representing” lattices with more ideals than filters were constructed. Let k be an infinite
cardinal number, and let m=2"k, the size of the power set of a set of size k. Assume that P is a poset and
G is a group such that their sizes, |P| and |G|, are at most k. We proved the existence of a lattice L with
the following four properties: (i) the poset Princ(L) of principal congruences of L is isomorphic to P,
(ii) the automorhism group of L is isomorphic of G, (iii) L has m many ideals, but (iv) L has only k
many filters. In [K2], we investigated |Con(L)|, when L is an n-element lattice. We proved that the third,
fourth and fifth largest numbers of congruences of an n-element lattice are 5-2"° if n >3, 2™ and 7-2™°
if n > 6, respectively. Moreover, we determined the structures of the n-element lattices having 5-2™°, 2™
3 and 7-2™° congruences, respectively, and also the structures of their congruence lattices. Since M.
Kindermann’s 1974 result, which characterizes polynomial functions on finite lattices as those
multivariate monotone functions that preserve all (compatible) tolerance relations, tolerance relations
have played an important role in lattice theory. [Cz18] introduces the concept of a doubling tolerance T
on a modular lattice L of finite length as such a tolerance (relation) whose blocks are at most two-
element. It appears that these tolerances give rise to an interesting lattice construction under the name
doubling, and [Cz18] even exhibited an application of this construction for coalition lattices. As a
continuation of [Cz18], [Cz19] investigates particular doubling tolerances under the name 2-uniform
tolerances of lattices. A tolerance is called 2-uniform if all of its blocks are two-element. [Cz19]
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characterizes permuting pairs of 2-uniform tolerances of lattices of finite length. In particular, any two
2-uniform congruences of such a lattice permute.

3. Semigroups and special classes of algebras

In [DTBSz1] we proved that the E-solid locally inverse semigroups are, up to isomorphism, the regular
subsemigroups of lambda-semidirect products of completely simple semigroups by inverse semigroups
where lambda-semidirect product is a version of the usual semidirect product within the class of regular
semigroups. By extending the Margolis-Meakin expansion of an X-generated group G, in [BSz2] we
introduced a transparent construction for the universal object among the X-generated F-inverse monoids,
considered as unary inverse monoids, whose maximum group quotient is G. In [SzZNSzM1] we describe
the inverse monoids of partial permutations which arise as partial automorphism monoids of finite
graphs, and we also characterize the inverse monoids which are isomorphic to partial automorphism
monoids of finite graphs. Conjugation semigroups, where conjugation is a unary operation on a
semigroup with properties stemming from the conjugation of quaternions, have appeared in category
theory. In [BSZ3] we show that such unary operations of groups are in one-to-one correspondence with
their endomorphisms into their centers, and we prove that cancellative conjugation semigroups are, up
to isomorphism, the conjugation subsemigroups of conjugation groups.

In [SzN1], we studied locally injective maps (immersions) between finite-dimensional connected Delta-
complexes by replacing the fundamental group of the base space by an appropriate inverse monoid. We
showed how conjugacy classes of the closed inverse submonoids of this inverse monoid may be used to
classify connected immersions into the complex. In [SzN2], we investigated algorithmic problems in
inverse monoids. We proved that the class of finitely presented inverse monoids whose Schiitzenberger
graphs are quasi-isometric to trees has a uniformly solvable word problem, furthermore, the languages
of their Schiitzenberger automata are context-free. On the other hand, we show that there is a finitely
presented inverse monoid with hyperbolic Schiitzenberger graphs and an unsolvable word problem.

4. Clones

We described the principal ideals of the minor quasiorder of functions in terms of colorings of partition
lattices [W2]. For multisorted operations, we determined the minimal and the maximal elements of the
minor quasiorder, we described its finite principal filters, and we characterized its order ideals in terms
of relational constraints [W4]. We characterized lazy binary operations: we proved that lazy groupoids
form 13 varieties, and we explicitly described the Cayley tables of the groupoids in these varieties [W6].
We classified undirected graphs with respect to the associative spectra of their graph algebras. We
characterized antiassociative digraphs, and we also proved that the associative spectrum of any graph
algebra is either constant or it grows exponentially [W8, W9]. We proved that every two-element algebra
has the property that solution sets of systems of equations are exactly those sets of tuples that are closed
under the centralizer of the clone of term operations of the algebra [W1]. We proved that in general for
finite algebras this property is equivalent to polymorphism-homogeneity [W10].

For five of the six classes of maximal clones, it has been shown that their members are finitely generated.
The only exception is the class of the clones of finite bounded posets. In his seminal paper, Tardos
proved that in this class there exist non-finitely generated clones. It seems really difficult to give a
reasonable description of the finite bounded posets with finitely generated clones. In [KMZ1] we
investigated the clones of some posets in terms of the finite generability point of view. In [KMZ1], we
presented a new family of finite bounded posets whose clones of monotone operations are not finitely
generated. We also studied the clones of locked crowns (certain finite posets) from the finite generability
point of view. Although our investigations have not been conclusive in this direction, they led to some
general results on monotone clones. For example, we proved that if the clone of a finite bounded poset
is finitely generated, then it has a three element generating set that consists of an ascending idempotent
monotone operation and the 0 and 1 constant operations. We call a monotone operation ascending if it
is greater than or equal to some projection.



We studied the monoidal intervals on finite sets, especially on sets with three or four elements. Our main
goal is to give a complete description for the monoidal intervals on the set {0, 1, 2}. In [DM1] we
investigated transformation monoids that are built up from inverse transformation monoids constructed
from finite lattices by adding all the unary constant transformations. We gave a complete description for
the corresponding monoidal intervals in the clone lattice. The results in [DMM1], [DM3], and [DMMZ2]
are based on a detailed computer study. In these manuscripts, we determined various classes of finite
monoidal intervals in the clone lattice. In [DM2] we studied a modified version of the classical table
tennis (also called ping pong) as a mathematical game. The modification is about the counting of the
points: a point is scored by the classical rules, but the result must be simplified (e.g., 6:3 must be
simplified to 2:1). In [DM2] we gave some basic facts about this game called 'Arithmetical ping pong'.
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